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Abstract 

In this paper, we find the necessary and sufficient conditions under 
which two classes of {q, a, /3)-metrics are projectively related to a Kropina 
metric. 
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1 Introduction 

Two regular metrics are called projectively related if there is a diffeomorphism 
between them such that the pull-back metric is pointwise projective to another 
one. In Riemannian geometry, two Riemannian metrics a and a on a manifold 
M are projectively related if and only if their spray coefficients have the relation 
G„ = + Poy^, where P = P{x) is a scalar function on M and Pq := P^ky''. 
In Finsler geometry, two Finsler metrics F and on a manifold M are called 
projectively related if = & + Py^, where and G* are the geodesic spray 
coefficients of F and F, respectively and P = P{x, y) is a scalar function on the 
slit tangent bundle TMq. In this case, any geodesic of the first is also geodesic 
for the second and vice versa. 

In order to find explicit examples of projectively related Finsler metrics, we 
consider (a, /3)-metrics. An (a, /3)-metric is defined by F := a(f>{s), s — jS/a 
where = 0(s) is a C°° scalar function on {—bo, bo) with certain regularity, 
a = ^/aij{x)y'^y^ is a Riemannian metric and j3 = bi{x)y^ is a 1-form on a 
manifold M . Thus a natural question arises: 

Under which conditions, two {a, l3) -metrics are projectively related? 

The projective changes between two special (a, /3)-metrics have been studied by 
many geometers. For example, Shen has been studied the projectively related 
Einstein-Finsler metrics [TT]. A Randers metric F = a + /? on a manifold M 
is just a Riemannian metric a = yJoijyHp perturbated by a one form j3 = 
bi{x)y^ on Af such that < 1 [S]. Then Shen-Yu studied projectively 
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related Randers metrics [T2]- By the same method, Cui-Shen find necessary 



Randers metric F = a + (3 are projectively related [3J. Later on, Zohrevand- 
Rezaii do the same for a Matsumoto metric F — -^^^ and a Randers metric [15] . 
Recently, Chen-Cheng find necessary and sufficient conditions under which the 
metrics in the form F = are projectively related to a Randers metric [2]. 

If we substitute /3 with — /3 and take p = —1, then we get the Matsumoto metric 
which was introduced by Matsumoto as a realization of Finsler's idea "a slope 
measure of a mountain with respect to a time measure" [7] [13] [17] . 

There is an important (a, /3)-metric, called Kropina metric F = Kropina 
metrics were first introduced by L. Berwald in connection with a two-dimensional 
Finsler space with rectilinear extremal and were investigated by V. K. Kropina 
[5- In [8], Mu-Cheng get the conditions that a Randers-Kropina metric F = 
a + ef3 + Ko^ / P is projectively equivalent to a Kropina metric F — Then, 
the authors find necessary and sufficient conditions under which a family of 
Finsler metrics in the form F = ^^_^^p-i (p 7^ 1, — 1) are projectively related to 
a Randers metric F = a + (3 [?] . 

There exists a special subclass of (a, /3)-metrics, namely (g, a, /3)-metrics. 
Let (j) : [-1, 1] M, 0(s) = (l + s)9, 1 < g < 2 and ||/3||a < 1. It is easy to see 
that 

0' = g(l + .sy-\ r = q{q - 1)(1 + .s)''-^ > 0. 

Since 0(s) = (l + s)« > 0, then (jj - s(j)' = (1 s)?-i[l -hs(l - g)] > 0, (|s| < 1). 
Thus F :— a(j){^) — ^'^-i is a Finsler metric. We call it (g, a, /3)-metric. When 
g = 1 or g = 2, F becomes Randers metric and Berwald metric, respectively. If 
we substitute /? with — /? and take g = — 1, the resulting metric is Matsumoto 



In this paper, we are going to find the conditions under which on a manifold 
M of dimension n > 3, the (g, a, /3)-metric F = ^""^^j and a Kropina metric 

- -2 

F = ^ being projectively related. More precisely, we prove the following. 

Theorem 1.1. Let F ~ ^"^-i (g 7^ 1) be a (q, a, -metric and F — ^ be a 
Kropina metric on a n-dimensional manifold M (n > 3) where a and a are two 
Riemannian metrics, (3 and (3 are two non-zero collinear 1- forms. Then F is 
projectively related to F if and only if they are Douglas metrics and the geodesic 
coefficients of a and a have the following relation 



where 6* := a^^bj, V :— a^^bj, b^ :— ||/?||q, t :— t{x) is a scalar function and 
9 :— Oiy^ is a 1-form on M . 



and sufficient conditions under which the Berwald metric F ~ y^+Pi ^nd a 



metric. 
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Let us define (j){s) := s{-^)'^ ^. By a simple calculation, we get (f) — scf)' > 0. 

Then F = is a Finsler metric. This metric is also a special {q, a, /3)- 

metric. If g = 2, then F — is called infinite series metric. Indeed, Let us 

consider the r-th series (a, /3)-metric F ^ (3 X]fc=o(f')'^' where we assume a < p. 
If r = 1, then F = a + /? is a Randers metric. If wc put r = oo, then we get 
infinite series metric. We have not at all investigated the geometrical meaning 
about the infinite series metric by this time. But this metric is remarkable as 
the difference between a Randers metric and a Matsumoto metric. 

Theorem 1.2. Let F = (q 7^ 1, —1) be a {q, a, P)-metric and F = ^ 

be a Kropina metric on a n-dimensional manifold M (n > 3) where a and a 
are two Riem,annian metrics, j5 and j5 are two non-zero collinear 1- forms. Then 
F is projectively related to F if and only if they are Douglas metrics and the 
geodesic coefficients of a and a have the following relation 

where 6* := a'^^bj, If := a^^bj, b^ := \\P\\a, t '■= t{x) is a scalar function and 
:— 9iy^ is a 1-form on M . 



2 Preliminary 

An (a, /3)-metric is a Finsler metric on a manifold M defined by F a0(s), 
where s = P/a, 4> = (f>{s) is a C°° function on the (—60,^0) with certain regu- 
larity, a = \J aijy^yi is a Riemannian metric and /3 = bi{x)y'^ is a 1-form on M. 
For an (a, /3)-metric, let us define bi\j by bi\j9^ := dbi — bjOj, where 9^ := dx^ 
and 91 := F^^da;'^ denote the Levi-Civita connection form of a. Let 

rij ■= ^{bi\j + bj\i), Sij := ^{b^j - bjii). 

Clearly, /3 is closed if and only if Sij = 0. An (a, ^)-metric is said to be trivial 
if rij = Sij = 0. Put 

ria := njy^ roo := n^y^-y^ , rj := bWij, 

TQ—rju', SQ—Sjy^. 
For an (a, /3)-metric F = a((){s), s = — , if we put 

(f) — S(j)' 

then 



{(j)-S(l)'f ^ {(l)-S(l)'f {(l)-S(l)'f' 
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Now, let (f) = 4>{s) be a positive C°° function on {—bo, bo). For a number 
6 G [0,&o), let 



l + sQ + ib' - s')Q'. 



(3) 



Let — G^{x, y) and — G^(a:, y) denote the coefHcients of F and a respec- 
tively in the same coordinate system. By definition, we have 



where 



G' = Gj, + aQsl + {-2Qaso + roo)(e^ + W), 

a 



e 



* := 



Q - sQ' 
2A 

^' 1 



20 



S0') + (&2 - s2 



2A 



scf)') + (62 



(4) 



By (HH), it follows that every trivial (a, /3)-metric satisfies G* = G^ and then it 
reduces to a Berwald metric. 



3 Proof of Theorem 11.11 

For an (g, a, /3)-metric F — , the following are hold 



Q = 

e = 



1 



1 g(l-2(g-l)g) 

2 s2(l - g2) + s(2 _ g) + 1 + 62^(^ _ 1) ' 



v,:=i fcl^ . (5) 

2 s2(l - g2) + .,(2 -q) + l + b^q{q - 1) ^ ' 



For a Kropina metric F = a + (5, we have 

The geodesic curves of a Finsler metric F = F{x,y) on a smooth manifold M, 
are determined by the system of second order differential equations 
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where the local functions C = G'^{x,y) are called the spray coefficients, and 
given by 

A Finsler metric F is called a Berwald metric, if G* are quadratic in y S T^M 
for any a; e Af . 
Let 

It is easy to verify that V :— Dj ^.idx^ ®di®dx^ ®dx^ is a well-defined tensor on 
slit tangent bundle TMq. We call V the Douglas tensor. The Douglas tensor T> 
is a non-Riemannian projective invariant, namely, if two Finsler metrics F and 
F are projectively equivalent, G' = G* + where P — P{x,y) is positively 
j/-homogeneous of degree one, then the Douglas tensor of F is same as that of 
F. Finsler metrics with vanishing Douglas tensor are called Douglas metrics 
[S] [TU] [13] [T^ . The notion of Douglas metrics was first proposed by Bdcsd- 
Matsumoto as a generalization of Berwald metrics [I] . 
To prove Theorem ll.li we remark the following. 

Lemma 3.1. 6 Let = ^ is a Kropina metric on a n-dimensional manifold 
M. Then 

(1) (n > 3) Kropina metric F with (6^ 7^ 0) is a Douglas metric if and only if 

s^J = ^{biSj -bjSi); (8) 

(2) (71 = 2) Kropina metric is a Douglas metric. 



For an (a, /3)-metric , the Douglas tensor is determined by 

J fc' ■ dyJdy^dyi^ n+ldy"'^ ^ ' 

where 

r := aQsl + *(roo - 2aQso)b\ (10) 

and 

=g'so + *'a-i(fe2-s2)(roo-2aQso) + 2*[ro-g'(62-s2)so-Qsso]. (11) 

Now, let F and F be two (a, /3)-metrics which have the same Douglas tensor, 
i.e., D'ji^i = D^ji^i. From and (O, we have 
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dy^dyWy^ 



T' - T' 5— (T™ - T™ )y' = 0. (12) 

n + 1 " 
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Then there exists a class of scalar function Hjf, := Hjf,{x) such that 

1 



1 



)y 



H, 



00' 



(13) 



where Hqq = W-f.{x)y^y^ , and are given by ((TU)) and PT|) respectively. 
In this paper, we assume that A :— j;^- 



Lemma 3.2. Let F — ^"^"^f j [q ^ 1) be a {q, a, (3) -metric and F = ^ be a 
Kropina metric on a n-dimensional manifold M (n > 3), where a and a are two 
Riemannian metrics and /? and /3 are two non-zero collinear 1-forms. Then F 
and F have the same Douglas tensor if and only if they are all Douglas metrics. 

Proof. The sufficiency is obvious. Suppose that F and F have the same Douglas 
tensor on an n-dimensional manifold M when n > 3. Then (|13p holds. Plugging 
(m and dS]) into we obtain 



la^ + Ja^ + Ka^ + La^ + Ma + N 



+ 



TTt 

^00' 



(14) 



where 
A' := 
B' := 



F' -.^ 



2q{l - qb' + q'b') (1 - qb' + q'b')sl - q{q - l)soh 

2{p - 1)A(1 + qb'')soy' - 2q{q - l){q - 2)/3so6' 
+4/3((7 - 2)(g262 _ ^ ^ 2A(g - l){q^b^ - qb" + l)roy' 
-{q-l){q^b' -qb" + l)ra^V 

(q - l)iq^b^ - 2q%^ + qb^ + 2q - 3)/3roo6' + A(g - l)(g - 2)b\ooy' 

-2(g - l)Xiq^b^ - 2q%^ + qb^ + 2q~ 3)Proy' 

+ [4qb^q + l)iq- if + {2q^ + 8q - 12)] /^^^ 

-2X{q - l){3q^b^ - 2b^q^ + 2q - b^q - 3)/3soy' 

-2q{q + l){q-l)^(3hob' 
q{q - l)/3[(2g2 _ lOq + 6)A/3so2/* - 4(g + l){q - 2)f3^sl 

-{q + 4)(g - 1)6^002/* + 3(g - l)/?roo6' 
-q{q - [2{q - l){q + l)^/?^^ + X[2b\q + l){q ~ \f + (g - 2)]roo2/* 

-2A(g - 1)(3<7 - 1)(9 + l)/3so2/^ - 2A(g + \){q - ifr^y' 

+(g + l)(q-l)2/3roo6^ 
-A<z(<z + 4)(<7- 1)2/3 Vooy\ 



iJ' :=2Ag(g + l)(p-l)3/3Vooy' 
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and 

I ■.= -2{-qb' + qH' + l)\ 

J := 2/3(-(z&2 + ^252 ^ ^^(^^2 _ 2^262 ^ ^3^2 + 35-5)^ 
if := 2/?2(-10 - g2 + lOg + 6q^b'^ - 12(72&2 + Sgfo^)^ 
L -2(g - l)/33(2q'*62 _ 2q^b^ + Sg^ - 29^62 + 2q + 2qb^ - 10), 
M :=2/34(q + l)(g_5)(g-l)2, 
:=2/35((j + l)2(q- 1)3. 

and 

& :=/3[2Ay*(fo + s-o)-&Voo] 
is equivalent to following 

+ (A'a^ + B'){Ia^ + Ja^ + Ka^ + La^ + Ala + N) 

= 2pp{Ia^ + Ja^ + Ka^ + La^ + Ma + N)H^o. (15) 

First we show that A' can be divide by /?. 

By replacing with — ?/* in (|15l) . we get the following 

- 26^^(-A*a^ + B'a^ - C'a'^ + D'a^ - £;'a^ + i^*a - W) 

= -2b^(3{Ia^ - Ja* + Ka^ ~ La^ + Ma- N)H'qo. (16) 

dlSl) + (HH) yields 

2p^{A'a'^ + C'a'^ + E'a^ + iJ') + (A'a^ + B%Ja'^ + La^ + N) 

= 2Wp{Ja^ + La^ + N)H'qq. (17) 

p3)) - (HH) implies that 

(B'a-* + D'a^ + F') (26^/3) + (A^a^ + i?*)(/a'' + + M) 

= 2p/3{Ia^ + Fa^ + Af)i?^o. (18) 

If q = -1 then W ^ N ^ M ^ 0. Thus (H?]) and ^ are equivalent to 

26^/3(A*a^ + C'a^ + E') + {A'a"^ + B'){Ja^ + L) = 2b^(3{Ja^ + L)Hla (19) 
and 

2b'^p{B'a^ + D'a^ + F') + (A'a^ + B%Ia'^ + Ka^) = 2P^{Ia* + Ka^)Hi^. (20) 

By dUl) and dini), it results that {A''a^_+ B'){Ja'^ + L) and {A'^a^ + B'){Ia'^ + 
Ka^) can be divided by p. Thus (3 — and A^cP'Ia'^ can be divided by (3. Since 



7 



/3 is prime with respect to a and a, therefore := h^s\ — b^So can be divided 
by P.lfq^ 1,_-1, then ^ and (HH]) imphes that {A'a^ + B'){J_a'^ + La^ + N) 
and {A^oi^ + B^){Ia^ + Ka^ + M) can be divided by /3. Since /3 is prime with 
respect to a and a, then := 6^Sq — 6*so can be divided by p. Hence, there is 
a scaler function ■0*(a;) such that 

¥sl - ¥s„ = r^. (21) 

Contracting ([21]) with y,; := ayj/-' yields 
Then we have 

Sij = ^{hsj - bjSi). (22) 

Now, suppose that (n > 3). Then by Lemma [3. 11 = ^ is a Douglas metric. 

Since F and F have the same Douglas tensor, then both of them are Douglas 
metrics. 

If {n = 2), then = ^ is a Douglas metric by Lemma [3.11 Thus F and F 
having the same Douglas tensors. This means that they are all Douglas metrics. 
This completes the proof of lemma 13.21 □ 



On the other hand, the following holds. 

Lemma 3.3. [5 Suppose that ^ ^ constant for an (a,/?)— metric F = (/'(^) 
on a manifold M of dimension n (n > 3). If F is a Douglas metric and b := 

ll/^a;!!^ 7^ 0, then P is closed. 

Now, we are in the position to prove Theorem ll.il 
Proof of Theorem ll.lt We prove the theorem in two cases, as follows. 
Case (1): When g = -1. 

First we proof the necessity. If F is projectively equivalent to F, then they have 
the same Douglas tensor. By Lemma [3.21 F and F are both Douglas metrics. 

2 

F = is a Douglas metric if and only if biy = 0. Thus by (P9|) . we have 

G'^G'^. (23) 
On the other hand, plugging ((22|) and ([6]) into (jj]) yields 

G'^Gl~^[- aH^ + {2sof ~ foob^) + 2^2^] . (24) 
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By the projective equivalence of F and F again, there is a scalar function 
P = P{x, y) on TMq such that = & + Py\ From 1^ and 1^ we have 

[P - p{so + = (^~&,- ^^{aH^ + foon (25) 

Note that the right side of (pS)) is a quadratic in y. Then there exists a 1-form 
e = 0i{x)y^ on M such that 



i-so + ^)=9. (26) 



Thus we have 

Gl = G^^ + ^ia^s^ + roob') + ey\ (27) 

This completes the proof of the necessity. 

Conversely, because of roo = and from (|23|) , (I24p and ([T|) we have 

G'-G^+[^+i(^"o + ^)]?/'- (28) 
Thus F is projectively equivalent to F. 
Case (2): When 9 7^ 1,-1. 

First we proof the necessity. If F is projectively equivalent to F they have the 
same Douglas tensor. By Lemma [321 we know that F and F are both Douglas 
metrics. If g — 1,-1, then it is easy to prove that (j){s) = (1 + satisfies 
^ ^ constant. By lemma [5751 we have Sij = 0. By it follows that 

pi ^ pi , 1 q{a-2{q-l)/3)roo . 

"^2(1- g2)/32 + (2 _ + (1 + ^(g _ 1)62)^,2 y 

+ 1 g(g - l)a^roo , 

2(1- q2)/32 + (2 - g)a^ + (1 + q{q - l)52)a2 ' V ^) 

On the other hand, plugging ([^ and ([B]) into (dl yields 

= - ^ [ - + {2soy' - foob') + 2^^] . (30) 

By the projective equivalence of F and F again, there is a scalar function 
P = P{x, y) on TMa such that G' = + Py\ By ([29l) and ([30]), we have 

G^-GL+[P-i(.„ + f„o5^) ' ,W-2iq-mr.. 



2fe2 ^ ' 2(1- q2)/32 + (2 - g)a/3 + [1 + [q^ - (7)62]a2 J ^ 

(S^s^+fooB*). (31) 



(q2 - g)a2roo ^^.^ 1 2;,j 



2 (1 - q2)/32 ^ (2 - g)a^ + [1 + g(g - l)62]a2 2&2 
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Note that the right side of ([31]) is a quadratic in y. Then there exists a 1-form 
= 6i{x)y'- on M such that 

p_ 1 7.^1 g(a - 2(g ~ l)/3)roo 

262 ''"'^ ^ 2(1- (j2)/32 + (2 _ + (1 + _ 1)52)^2 - y^^^) 

Thus we get 

, 1 g(g - ^)a^nm ^ ™ 

" 2 (1 - g2)/32 + (2 - q)a/3 + (1 + q{q - \)b'^)a^ 

+ ^(a'5-+roo^') + %'. (33) 

This completes the proof of the necessity. 
Conversely, by (P), ([231) and ^ we have 

^ - + ^(^0 + roo& ) + 2 _ ^ (2 _ ^^^^ ^ ^ _ ^^^2]„2 ■ 

Thus F is projectively equivalent to F . This completes the proof. □ 
By Lemma 13.11 Lemma 13.31 and Theorem II. 1[ we have the following. 

Corollary 3.1. Let F = ^'^^} [q ^1) he a {q,a,(3) metric and F — ^ be a 
Kropina metric on a n~ dimensional manifold M (n > 3) where a and a are 
two Riemannian metrics, l3 and /? are two nonzero collinear 1-forms. Then F 
is projectively equivalent to F if and only if . 

, 1 g(g - ^Wr^Q : 1 , - , /, « 

" 2{l-q^)l3^ + {2-q)a(3 + [l + q{q-l)b^]a^ " 2b^ uu / a 

Sij — 0, 



Sij . — "2 bjSi^. 



1 

where bi\j denote the coefficients of the covariant derivatives of P with respect 
to a. 

It is well known that the Berwald metric F = '^°'^^'> on a manifold M is a 
Douglas metric if and only if 

6,|j=2r[(l + 262)a„-35,6j], (34) 

where r = t{x) is a scalar function on M. Thus by ([M)) and Theorem 1 1.1[ we 
have the following. 

Corollary 3.2. Let F = he a Berwald metric and F = ^ be a Kropina 

metric on a n-dimensional manifold M (n > S) where a and a are two Rieman- 
nian metrics, /? and /3 are two non-zero collinear 1-forms. Then F is projectively 
related to F if and only if they are Douglas metrics and the following holds 
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4 Proof of Theorem 11.21 



In this section, we are going to prove the Theorem 11.21 More precisely, we 

{fi-a)o- 

T? — 



find the conditions that an {q, a, /3)-metric F = being projectively 

equivalent to a Kropina metric. For the (g, a, /3)-metric F = ,„_^ , the 



following are hold 



* = 



(S- 1)9-1' 

s-q 

q 



2[s2(s-l) + g(62-s2)]' 



O = g(g - 2g) ,„^x 

2[s2(s_l) + g(62_s2)]- V ; 



First we prove the following. 

Lemma 4.1. Let F — he an [q, a, l3)-metric and F — ^ be a Kropina 

metric on a n- dimensional manifold M [n > 3) where a and a are two Rie- 
mannian metrics and j3 and P are two non-zero collinear 1-forms. Then F and 
F have the same Douglas tensor if and only if they are all Douglas metrics. 

Proof. The sufhciency is obvious. Suppose that F and F have the same Douglas 
tensor on an n-dimensional manifold M when n > 3. Then (|13p holds. By 
plugging ^ and ([55]) into ([T^ . we obtain 



where 



- ^^00, (36) 



= 2/3^5^, - 3Ag(g - \)p\^^y' 

= 6A/35so2/* - 2(3g + + 2q{q^ - l)A/3Voo2/* 

= 2[(<7 + 1)2 + 2q{q + l)]/35s^ - 2(?(6g + l)A/3So2/* + q{q - l)/3Voo6' 

+(?((? -l)[3A62/33rooy'-2A/3Voy'], 
= [2<7(<7 + l)(3g - 1) - 6g62]A/33so2/» + 2q{q^ - \)\0'{(ir^ - l?r^^\f 

~2qii\q + 1)2 - 2&2]4 - q/33[2/3so + (<z' - l)roo]&\ 
= 2g(5g + 1)\\?p-'s^f - 2(z(2g + - s^h% 

= 2g2(q + l)/32[2624 _ _ ^q^^Zq + l)A62/3so2/' 

-g2(q-i)A62/3[2ro2/*_roo6^ 

= -2g362(62.5^-.so6')- (38) 
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and 



i?i = -4(g-l)(g+l)/36 

i?2 = 2(9 -l)(g+ 1)^/35 

i?3 = 4g(g - 1)62/34 

^4 - -4q(q2 - 1)62/33 

= 

Be = 2g2(q_ 1)64/3, (39) 



and 



is equivalent to 

8 6 6 

(^ ^;-a^)(262;3) + (i'a^ + B^)(^ B,«^) = (2p;3)(^ S,«^)i^oo- (40) 
By replacing with — ?/* in PO)) we get 

i=o i=o 
-2p^(^B(2,+i)a('^+^^ -E^(2.)"'''')^oo- (41) 

(gni) - (HH) implies that 

4 3 3 

2P^(^ ^|2,)«^'''^) + (^*«' + ^■') 5] i?(2,)a^'^' - 26^/3^ i?(2,)a(2j)B^o- (42) 
i=i j=o j=o 

go]) + gU yields 

2P^ E ^(2.+i)"^'^''''^ + (^'"' + E 

= 2p^^i?(2,+i)a('^+^^i?oo- (43) 



12 



By [| X dUl)] + [(gg X a] we have 

+ &) [(^)(B6«') + {^Bi + Ba)^^ + (^Ba + Bi)a' + ^^o] 
+ (2&2^) [(^A^ + ^^)a6 + (^A^ + A^)a4 + (^^^ + A^,)a^] = 
{2¥mm [(-)(56a') + (-S4 + i?3)a' + (-^2 + Bi)a' + -i?o] ■ (44) 

q q q q 

All of member of set f Bg, f Bq J = 6, 4, 2, fc = 

4, 2} have the factor /?^. Let us put 



1 



q/3 

Co ■■= ^Bo. (45) 

qp 



Then -g^ x ^ yields 

(A*a2 + B') [Cea^ + da^ + Caa^ + Co] + 262^[Z?^a'^ + D\a* + D^a^] 

^ 2P^iJ^o [Cga*^ + C4a^ + Caa^ + Cq] . (46) 

By (|42]) and (gS]), it follows that {A'op- + i?')(Ei=o ^(2j)"'^^^) and [A'a^ + 
B') [Cga'^ + C4a'^ + C2a^ + Co] can be divided by Thus /3 = and A^a^c-ga" 
can be divided by /3. Since /3 is prime with respect to a and a, then A* := 
b^s}) — 6*so can be divided by /3. Hence, there is a scaler function ^^{x) such 
that 

Ps^ - 6^50 = ^'P. (47) 
Contracting (H7)) with := a^y^ yields -(/''(a;) = — s*. Then we have 

1 



52 



{biSj - bjSi). (48) 



Now, suppose that {n > 3). Then by Lemma [3. 1[ F = ^ is a Douglas metric. 
Since F and F have the same Douglas tensor, both of them are Douglas metrics. 

If (n = 2), F = ^ is a Douglas metric by Lemma l3.ll Thus F and F 
having the same Douglas tensor means that they are all Douglas metrics. This 
completes the proof of Lemma 14.11 □ 
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Now, we are in the position to prove Theorem 11.21 

Proof of Theorem II. It First, we proof the necessity. If F is projectively 
related to F, then they have the same Douglas tensor. By Lemma 13.21 F 
and F are both Douglas metrics. If q = 1,-1, then it is easy to prove that 
4'{s) = satisfies ^ ^ constant. By Lemma [3.31 it results that Sij = 0. 

By gg]), we get 

^ p» , 1 /?(/?- 2qa)r OQ ^ 

+ 1 1^ f49) 

2 13^^ - a) + q{b^a^ - I3^)a ' ^ ' 

Plugging (gSl) and dH) into (g]) yields 

^' = ^''^-^[- + (2^"oy' - ^oob') + 2^^] ■ (50) 
2o^ a 

By assumption, there is a scalar function P = P{x, y) on TMq such that G* = 
G" + P?/'. Then by (03) and ([501) we have 

p _ 1 - 2ga)roo 1 _ , 

2 13^/3 - a) + q{Pa^ - p^)a 2P^''" "° 

= G\ " - 74(«'S' + ^oo6^) + ^^^^^^r-^^^b\ (51) 



The right side of (|5l]) is a quadratic in Then there exists a 1-form 6* = 6i{x)y'^ 
on M such that 

^ - 2/32(/3-a) + g(62a2-/32)a " + ^ = ^^^^ 



Thus we get 

+ i , = + + ^"00^^) + (53) 



This completes the proof of the necessity. 

Conversely, from (|49| . (fSO]) and ([2|) we have 

Thus F is projectively equivalent to F. This completes the proof. □ 
By Lemma 13.11 Lemma 13.31 and Theorem 11.21 we have the following. 
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Corollary 4.1. Let F = (qj^l.-l) he a (q, a, /3) -metric and F = ^ 

be a Kropina metric on a n-dimensional manifold M (n > 3) where a and a 
are two Riemannian metrics, and are two nonzero collinear 1-forms. Then 
F is projectively related to F if and only if the following holds 

Sij =0, (56) 
Sij =^{biSj-bjSi}. (57) 

where bi\j denote the coefficients of the covariant derivatives of /3 with respect 
to a. 
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